In this paper, we discuss the stability of Ekeland's variational principles for vector-valued and set-valued maps when the dominating cone is a closed pointed convex cone whose interior may be empty. We provide a new approach to the study of the stability of Ekeland's variational principles for vector-valued and set-valued maps without scalarization.
INTRODUCTION
It is well known that Ekeland's variational principle plays an important Ž w x role in nonlinear analysis and optimization theory see, e.g., 7 and the . references therein . Generalizing Ekeland's variational principles to vector-valued functions and even to set-valued maps has attracted a lot of Ž w x . attention see, e.g., 3, 4, 6 and the references therein . Just because of the importance of the variational principles, it is necessary to study the stability of the principles. The stability of the scalar Ekeland variational w x principle was established by Attouch and Riahi in 5 . Taking advantage of the so-called function, by scalarization, we established stability results for Ekeland's variational principles for vector-valued and set-valued maps respectively under the assumption that the ordering cone is with nonempty Ž w x. interior see 1, 2 . However, this type of scalarization becomes invalid for the stability study when the underlying dominating cone is with empty interior. To deal with this situation we shall, in this paper, attempt a new Ž . approach without scalarizing the functions concerned to the stability of the variational principles for vector-valued and set-valued maps when the vector-valued or set-valued map sequence converges to a vector-valued or set-valued map in the sense of Mosco or Painleve and Kuratowski. This Ž approach directly defines a Phelps cone in a product Banach space of two . w x Banach spaces . Similar to the approach in 5 , some equivalence between Ž Ekeland's principles and the extreme points of some sets in the product . space with respect to this type of Phelps cone is established. Consequently, the stability of the variational principles can be tackled by studying the convergence properties of sets of the extreme points of a sequence of relevant closed sets.
Throughout this paper, we assume X and Y are both Banach spaces. The dominating cone C ; Y is a nontrivial pointed closed convex cone Ž . Ž whose interior may be empty . C induces a partial order in Y i.e., .
In the following, we introduce some concepts which will be used in the sequel.
Y be a set-valued map. We say that F is Ž . bounded below on X if ᭚ y g Y such that F x y y ; C for all x g X. Ž .
If F is u.s.c. at every x g X then we say F is u.s.c. on X.
Similarly, suppose that F : X ª 2 Y is a sequence of set-valued maps;
EKELAND'S VARIATIONAL PRINCIPLES FOR VECTOR-VALUED AND SET-VALUED MAPS
In this section, we present Ekeland's variational principles for vectorvalued and set-valued maps, respectively.
Ž . Ž . Remark 2.1. Since F x is nonempty compact ᭙ x g X and C is a Ž . pointed closed convex cone, we deduce that F x is externally stable Ž . Ž . w x ᭙ x g X . It follows from Proposition 3.2 or Proposition 3.3 of 4 and w x Corollary 4.1 of 4 that Theorem 2.2 holds.
STABILITY RESULTS
First, we recall the concepts of the convergence of set sequences.
n is a subsequence of N ,
Analogously, suppose that F : X ª 2 Y is a set-valued map. We define the epigraph of F as
If C is a cone in a linear space Z, A ; Z, we shall denote by ext A the
Ž . Ž .
⑀ w x The proof of Proposition 3.1 is similar to that of Proposition 2.1 in 1 ; w x for details, see 1 .
Ž .
Ž .
⑀ w x Proposition 3.2 is an immediate consequence of Theorem 2.1 in 6 . Let
It is easy to check that K is a nonempty closed pointed convex cone. Note that this Phelps cone is directly defined in the product space X = Y, w x which is different from the Phelps cone in 1, 2, 5 , where it is defined in X = R 1 . Sufficiency. Once again, we prove by contradiction.
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Suppose that ᭚ x g X _ x such that 5 5 f x y f x q ⑀r x y x e g yC,
Ž .
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F x y y q ⑀r x y x e l yK s л,
Ž .
We show by contradiction that
x, y y x, y g yK _ 0 , Ž . Ž . The proof is complete. 1 and closed.
s.c. this implies that f is l.s.c. , then epi f is nonempty
Ž . Ž .
Ž . X F x q C. Thus ᭚ y g F x and c g C such that y s y q c . As F is n n n n n n n Ä X 4 Ä 4 compact-valued and u.s.c. at x, we obtain a sequence y of y and
The proof is complete. 
Ž .
In addition, ᭙l g C , l f is l.s.c., and it follows that f is l.s.c. By Since f is uniformly bounded below, we know that ᭚ y g Y such that
ngN Ž . x , y gD n w x Ž As a result, all the conditions of Theorem 3.5 in 5 are satisfied with C Ž .. replaced by our yK, ⑀ replaced by our ⑀rl 0, e . Applying Theorem 3.5 w x in 5 , we obtain
The proof is complete.
Remark 3.1. Our assumption on C in Theorem 3.1 is weaker than the w x w x one in Theorem 3.1 in 1 while Theorem 3.1 in 1 only requires Y to be a normed space, which is weaker than the assumption on Y in this Theorem 3.1. In addition, in this Theorem 3.1 our assumption on f and f is n w x stronger than the one in Theorem 3.1 in 1 , where we only require f , f to n be l.s.c. Ž . Ž .
Remark 3.2. Our assumption on C in Theorem 3.2 is weaker than the w x one in Theorem 4.1 of 2 , where C is assumed to have nonempty interior. But our assumption on Y in this Theorem 3.2 is stronger than the one in w x Theorem 4.1 in 2 , where we only require Y to be a Banach space. 
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Proof. Since f is uniformly bounded below and f f, we deduce n n U Ž . that f is bounded below. As ᭙l g C , l f is l.s.c., so f is l.s.c. on X. By Remark 3.4. In Theorem 3.4, our assumption on C is weaker than the w x one in Theorem 4.2 in 2 , where C is additionally required to be with nonempty interior. But our assumption A l B ; K is stronger than n ⑀r y ext F l B ; K X where B is the unit ball of X and K X ; X is a n 1 1 compact set.
CONCLUSIONS
In this paper, we have presented a new approach to the stability of Ekeland's variational principles for vector-valued and set-valued maps without scalarizing the maps concerned when the ordering cone may be w x with empty interior. Stability results similar to 1, 2 have been established under different assumptions.
